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1. Problem Statements
Error and its change are used in a fuzzy controller as in a PD controller, G.(s)=K , +K,s. These 2

gains are determined on the basis of dynamic closed-loop requirements by solving 2 equations of unknowns
K,&K,. These 2 equations come from the characteristic equation computed at 2 Hurwitz real roots or 1

Hurwitz complex root which produces 2 equations with respect to the real and imaginary parts, since the
conjugate root is also Hurwitz for a real coefficient characteristic equation. For a second order system, these 2
Hurwitz roots do guarantee a stable closed-loop system since the characteristic equation has only 2 roots. For a
higher n-order system, the characteristic equation has 7 roots, so there is no guarantee for other (n-2) roots to
be Hurwitz; thus the root-locus technique is required to analyze the existence of a stabilizing PD controller and
to design if any.

The above discussion is consistent with the state-space control theory in the fact that there is a restricted
pole-placement for the desired closed-loop poles if a full-state feedback is not used. For a second order system,
a full-state feedback is used so there is no restriction as in a PD controller. So a state-space controller can be
considered as a PD controller when all the gains of x, and above are equal to zero.

Consider the following n-th order system
b, s"" +--+bs+b,

G, (s)= 1
) s"+a, s" 4+ +as+a, M
and its state-space model
X = Ax+ Bu
(1)
y=0Cx
where
010 0 1 [0]
0 0 1 . : 0
A=| oo 0 | B=|:|C=[p, b - b, b]
0 0 0 1 0
L a a, —4a,, —4, L+
and
u=-Kx (2)
then
x=(A-BK)x=sX=(A-BK)X=(sI-A+BK)X =0 3)
thus the characteristic equation is
sI-A+BK|=s"+(k, +a, )s"" ++(k; +a,)s* +(k, +a,)s + (k, +a,)=0 4)

For a state-space controller to be considered as a PD controller, that is only the first 2 states are used in a
feedback, let
k,=0,i=3,---,n (5)
then the desired closed-loop roots must be chosen to satisfy the following equation
s"+a, 5"+t as +(ky,+a)s+(k +a,)=0 (6)



Since there is no analytical solution for a higher order equation, we rewrite Eq.(7) in the following form
k, +k,s
n n—1 : : 2 =-1 (7)
s"+a, 8" +--+a,s” +as+a,

then the root-locus technique can be applied for a stabilizing reduced-order state-space controller. Note that this
form is of a PD controller.

As we have seen that it is always possible to design a PD controller or a state-space controller with the
first 2 states (error and its derivative) for a second order system, so is it for a fuzzy controller; however the root-
locus technique has been used to analyze the existence of such controller for a higher order system and to
design if any. We will consider the existence of a stabilizing controller for a higher order system, and if it exists
we will find a second order model that can estimate that higher order system on the basis of step response so
this can facilitate to identify a system as a second order model in a practical system identification.

2. Third Order Systems
1
21.G,(s)=—
A

The root-locus in Fig.1.a shows that there is no PD controller for this system.

1
s*(s+a)
The root-locus in Fig.1.h shows that there exists a PD controller to stabilize the system, however the
desired root cannot be to the left of s =—a/2.

2.2. G, (s)=

10 .
For example, the system G, (s):—2 can be an approximate second order system of the system
S

1 : N : . )
Gp(s)zﬂ can be estimated as in Fig.l.c. This approx second order system is used to determine
S\Ss +

u=-K[x, x| for the third order system as in Fig.1.d.



[a] G(s) = 1s"3 [b] Gis) = NWs™2{s+1) [c] 10/5™2 as Estimate of [b]
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23.G,(s)=————
s(s+a)s+b)

The root-locus in Fig.1.e shows that there exists a PD controller to stabilize the system.

For example, the system Gp(s):% can be an approximate second order system of the system

SZ
1
G(s)=——
o) s(s+1)(s+2)
u=-K[x, x| for the third order system as in Fig.2.a.

can be estimated as in Fig.1.f. This approx second order system is used to determine

1
(s+a)s+b)s+c)

The root-locus in Fig.2.h shows that there exists a PD controller to stabilize the system.

24. G,(s)=

can be an approximate second order system of the system

For example, the system G, (s)= m
G, (s) = ( 1)( 1 2)( 3) can be estimated as in Fig.2.c. This approx second order system is used to determine
S+HINS+2IN\S+

u=-K[x, x| for the third order system as in Fig.2.d.



3. Fourth Order Systems

1

3.1. Gp(s):m

The root-locus in Fig.2.e shows that there is no PD controller for this system.

1

3.2. G,(s)=

s’(s+a)s+b)

The root-locus in Fig.2.f shows that there is no PD controller for this system.

[a] Control using Estimate

[b] G(s) = 1A(s+1){s+2){s+3) [c]

0.5/(s+1)(s+3) as Estimate of [b]
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3.3. G,(s)= !
s(s+a)s+b)s+c)

The root-locus in Fig.3.a shows that there exists a PD controller to stabilize the system.

4 .
For example, the system Gp(s):o— can be an approximate second order system of the system

1
A R Py Py Py

determine u = —K[x, x,] for the fourth order system as in Fig.3.c.

can be estimated as in Fig.3.h. This approx second order system is used to

1
(s+a)s+b)s+c)s+d)

3.4. Gp(s)z



The root-locus in Fig.3.d shows that there exists a PD controller to stabilize the system.

For example, the system G (s) = 004 can be an approximate second order system of the system
b (s+1)s+3)
1
G, (s)= can be estimated as in Fig.3.e. This approx second order system is used to
p() (s+l)(s+2)(s+3)(s+4) 8 PP Y

determine u = —K[x, x,]|  for the fourth order system as in Fig.3.f.
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4. Conclusion

A PD controller can be always designed with any desired roots in LHP for a second order system, so is
for a fuzzy controller. For a higher order system, the root-locus technique has been used to analyze the existence
of a stabilizing controller, and if it exist we can use an approximate second order using step responses to design
it using the desired closed-loop poles based on the open-loop system dynamics. This can be seen as the desired
closed-loop poles are chosen in some restricted region in LHP.

In the real world, most dynamic systems can be considered as composing of several second order
subsystems and each PD controller, and hence each fuzzy controller, can be designed for each
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